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In this paper, we give a new expression to describe the excited spectrum of positronium (e+e−)
bound state in Quantum Electrodynamics (QED) and the meson in Quantum Chromodynamics
(QCD) separately. The new expression has a nonperturbative term which cannot be obtained
from the perturbative expansion in a small coupling constant. We give the physical meaning
of the nonperturbative term. In this new expression, we connect the quantum number n of
the excited spectrum with the topological winding number. We also point out that the physical
picture of bound state can be described by dual fields coming from electric - magnetic transformation.
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I. INTRODUCTION
The perturbative expansion plays an important
role in Quantum Field Theory (QFT), but it is difficult
to solve the non-perturbative aspects of QFT. Dyson
pointed out that the perturbative series has zero radius
of convergence in QFT [1]. We need a new method
to study the non-perturbative problem especially the
bound state which is coming from sum of all Feynman
diagrams. Bound states are important objects in quan-
tum theory and have been widely studied in quantum
field theory. Although we haven’t solve the bound states
problem, there are many methods that is aiming to
solve it completely, e.g. Bethe-Salpeter equation [2–4]
and Lattice QCD [5, 6]. In this paper, we give a new
expression to describe the excited spectrum of bound
state. We first give a general framework of our method
and then discuss the positronium (e+e−) in QED and
mesons in QCD separately. We end with the conclusions.
II. A GENERAL FRAMEWORK
In order to study the bound states, we define the
integral of meromorphic function f [z] along a smooth
contour C[a, b] in complex plane.
FIG. 1 – The n = 3 case. A smooth contour C[a, b] in
complex plane staring from a to b. The red dots denote
poles of meromorphic function f [z].
The contour C[a, b] contain n poles of f [z] labeled
by zi, i = 1, · · · , n. We suppose zi 6= a, b, for i = 1, · · · , n
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(FIG. 1). Then the integral of f [z] along contour C[a, b]
can be calculated as∫
C[a,b]
f [z]dz =
∫ b
a
f [z]dz +
n∑
i=1
2piiniResf [zi]. (1)
Where the Resf [zi] is the residue of f [z] at zi. The∫ b
a
f [z]dz is the directly calculation which depends only
on the boundary value a and b. The winding number ni
is integer Z which is coming from the contour circling ni
times around the pole zi.
When we study the mesons in QCD, we find the
other case that a or b is one of the poles of f [z] that
is infrared divergence in quantum field theory. We need
to regulate this divergence. There are many good book
which discuss the infrared divergence [7, 8]. For recently
progress on this topic, we can see the review paper [9].
III. POSITRONIUM (e+e−) SYSTEMS IN QED
To study the positronium (e+e−) bound states, we
review some results of QED which can be found in famous
paper and text book [10–13]. We define iΠµν(q) to be the
sum of all 1-particle-irreducible (1PI) insertions into the
photon propagator. The Πµν(q) has the tensor structure:
Πµν(q) = (q2gµν − qµqν)Π(q2).
The α contribution to iΠµν(q) is iΠµν2 (q) = i(q
2gµν −
qµqν)Π2(q
2) which is the following electron loop:
The excited spectrum is the pole of the two-point
function
Gµν(q
2) =
−igµν
q2(1−Π(q2)) .
The two-point function has ultraviolet divergences.
To remove the divergences, we need renormalization. The
2renormalization method we choose is that we make the
replacement
G˜µν(q
2) =
−igµν
q2(1− [Π(q2)−Π(0)]) .
In this paper, we only consider the α contribution to
iΠµν(q) that is
Π̂2(q
2) ≡ Π2(q2)−Π2(0)
= −2α
pi
∫ 1
0
dxx(1 − x) log( m
2
e
m2e − x(1 − x)q2
)
= −2α
pi
∫ 1
0
dxx(1 − x) log( 1
1− x(1 − x)t2 )
=
2α
pi
∫ 1
0
dx(
x2
2
− x
3
3
)
(1− 2x)t2
1− x(1 − x)t2 .
Where we have defined the t =
√
q2
m2e
. When t > 2,
this is the two or more free particles states which give
a branch cut. In this case, we have two poles that is
x1,2 =
1
2 ± 12
√
1− 4
t2
. Using the formula (1), we obtain
Π̂ 2(q
2) =
−
α(t
√
4− t2(12 + 5t2) + 6(−8− 2t2 + t4) arctan[ t√
4−t2 ])
9pit3
√
4− t2
− iα
3
[(n−m) +
√
1− 4
t2
(1 +
2
t2
)(n+m)]. (2)
Where n,m is integer Z.
We consider the positronium (e+e−) bound states
which is t < 2. We first present our result and then give
the derivation. The result is
Π̂ 2(q
2) =
−
α(t
√
4− t2(12 + 5t2) + 6(−8− 2t2 + t4) arctan[ t√
4−t2 ])
9pit3
√
4− t2
+
a
3α
[−i(n−m) +
√
4
t2
− 1(1 + 2
t2
)(n+m)].
Where the constant a is a ≈ 2.00408 for positronium
(e+e−) bound states. We consider the long-lived bound
states, so we set the n = m. Where the quantum num-
ber n is natural number N . Then the excited spectrum
of positronium is the pole of two-point function that is
solution of
1 −Π̂2(q2) =
1 +
α(t
√
4− t2(12 + 5t2) + 6(−8− 2t2 + t4) arctan[ t√
4−t2 ])
9pit3
√
4− t2
− 2an
3α
[
√
4
t2
− 1(1 + 2
t2
)] = 0. (3)
Where the n = 0 corresponds to the scattering state and
the n 6= 0 correspond to the bound states with quantum
number n.
The solution is consistent with the known result of
positronium in high precision. The excited spectrum of
positronium to order α2 is [13]
E = 2me −me α
2
4n2
. (4)
To illustrate this, we compare the t− 2 of the solution of
(3) with the result of (4) in Table I.
n t-2 − α
2
4n2
1 −1.33128 × 10−5 −1.33128 × 10−5
2 −3.32830 × 10−6 −3.32821 × 10−6
3 −1.47926 × 10−6 −1.47920 × 10−6
4 −8.32084 × 10−7 −8.32052 × 10−7
5 −5.32534 × 10−7 −5.32514 × 10−7
TABLE I – The t is the solution of (3) with
α−1 = 137.03599913.
The result of equation (3) can be illustrated by the
FIG. 2. The leading contribution of (3) come from two
poles that the fine-structure constant is approximated as
2
α
.
FIG. 2 – The equation (3) have the two poles
contribution that the fine-structure constant is
approximated as 2
α
.
We will give the physical meaning of the nonpertur-
bative term of (3) which is
Π˜2(q
2) =
2an
3α
√
4
t2
− 1(1 + 2
t2
). (5)
According to the formulae (1), the Π2(q
2) can be
calculated as
Π2(q
2) = −8e2
∫ 1
0
dxx(1 − x)
∫
d4lE
(2pi)4
1
(l2E +∆)
2
+2piinRes[−8e2x(1 − x)
∫
d4lE
(2pi)4
1
(l2E +∆)
2
]
∣∣∣∣
x1
+2piimRes[−8e2x(1 − x)
∫
d4lE
(2pi)4
1
(l2E +∆)
2
]
∣∣∣∣
x2
. (6)
Two poles x1,2 =
1
2 ± 12
√
1− 4
t2
satisfy ∆ = m2e − x(1 −
x)q2 = 0. At the two poles, the energy-momentum inte-
gral in (6) become
∫
d4lE
(2pi)4
1
(l2E +∆)
2
→
∫
d4lE
(2pi)4
1
(l2E)
2
.
The integral have the infrared divergence and there
is bound state which need replacement lE =
(lE0,
−→
l E3) = (E, p1, p2, p3) with l˜E = (
α2
a
lE0,
−→
l E3) =
(α
2
a
E
α√
a
, p1, p2, p3) = (
α√
a
E,−→p ) at the vicinity of the
poles. This is also the relation ( α√
a
E)2 = (−→p )2 which
is consistent with the velocity α√
a
of the ground state of
(e+e−) system. Then the contributions of the two poles
in (6) become
3Π˜poles2 (q
2) = 2piinRes[−8e2x(1− x)
∫
d4 l˜E
(2pi)4
1
(l˜2E +∆)
2
]
∣∣∣∣
x1
+2piimRes[−8e2x(1− x)
∫
d4 l˜E
(2pi)4
1
(l˜2E +∆)
2
]
∣∣∣∣
x2
= 2piin
a
α2
Res[−8e2x(1− x)
∫
d4lE
(2pi)4
1
(l2E +∆)
2
]
∣∣∣∣
x1
+2piim
a
α2
Res[−8e2x(1− x)
∫
d4lE
(2pi)4
1
(l2E +∆)
2
]
∣∣∣∣
x2
.
Then we obtain the nonperturbative term (5). From
the FIG. 2, the physical picture of positronium (e+e−)
bound state can been equivalent to the system of two
magnetic monopoles in leading order term FIG. 3. This
is also a kind of electric - magnetic transformation. For
some particular quantum field, the electric - magnetic
duality play an important role[14–16].
FIG. 3 – The constituents of positronium (e+e−)
bound state include two magnetic monopoles in leading
order approximation.
IV. MESONS PROPERTY IN QCD
The calculation of mesons in QCD is the same as the
positronium case.
FIG. 4 – The gluon propagator in order g2.
The iΠµa,νb2 (q) have the following structure
iΠµa,νb2 (q) = i(q
2gµν − qµqν)δabΠ2(q2).
Where Π2(q
2) is calculated from FIG. 4 [12]
Π2(q
2) =
−2C(r)nfαg
pi
∫ 1
0
dxx(1 − x) Γ(2−
d
2 )
(m2q − x(1− x)q2)2−
d
2
+
C2(G)αg
4pi
∫ 1
0
dx
Γ(2 − d2 )
(−x(1 − x)q2)2− d2
[(1− d
2
)
(1 − 2x)2 + 2]. (7)
Here αg is αg =
g2
4pi , nf is the number of fermion species,
C(r) is C(r) = 12 for fundamental representations N ,
and C2(G) is C2(G) = N for SU(N). We emphasized
that the mass mq is the free quark mass which is larger
than the constituent quark mass in hadrons. The result
(7) has ultraviolet and infrared divergences, we make the
following replacement to regulate this divergence and use
the formula (1). We obtain
Π̂ 2(q
2, µ2) ≡ Π2(q2)−Π2(µ2)
= −2C(r)nfαg
pi
∫ 1
0
dxx(1 − x) log(m
2
q − x(1 − x)µ2
m2q − x(1 − x)q2
)
+
C2(G)αg
4pi
∫ 1
0
dx(1 + 4x− 4x2) log(µ
2
q2
)
= −2C(r)nfαg
pi
∫ 1
0
dxx(1 − x) log( m
2 − x(1 − x)
m2 − x(1 − x)t˜2 )
+
C2(G)αg
4pi
5
3
log(
1
t˜2
).
Where the µ is small number that is µ → 0. For conve-
nient, we have defined new variables m, t˜ and t
m2 =
m2q
µ2
→∞, t˜2 = q
2
µ2
, t2 =
q2
m2q
. (8)
Because m2 − x(1 − x) ≈ m2, we obtain
Π̂ 2(q
2, µ2) =
− 2C(r)nfαg
pi
∫ 1
0
dxx(1 − x) log( 1
1− x(1 − x)t2 )
+
C2(G)αg
4pi
5
3
log(
1
m2t2
).
Then the excited spectrum of meson is the solution
of equation
1 + C(r)nfαg
(t
√
4− t2(12 + 5t2) + 6(−8− 2t2 + t4) arctan[ t√
4−t2 ])
9pit3
√
4− t2
−C(r)nf 2an
3αg
[
√
4
t2
− 1(1 + 2
t2
)]− C2(G)αg
4pi
5
3
log(
1
m2t2
) = 0.
As the same as the positronium, we also make replace-
ment αg → aαg in the third term. The constant a depends
on the velocity of ground state of quark pair. When
the m2 become large, the ground state energy t become
small. This is also the property of confinement. We give
the picture (FIG. 5 and FIG. 6) of the t2 as a function of
n with nf = 6, αg = 1, a = 2.00408, m
2 = 101000000 and
C2(G) = 3 for SU(3).
From the FIG. 5 and FIG. 6, we find the t2 ∼ n
which is consistent with the data [17]. This is also known
as the Regge behavior [18]. We conclude that the physi-
cal picture of confinement can be described by dual field
coming from electric - magnetic transformation. This
picture may be connected with a dual superconductor
picture of confinement[19–22].
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FIG. 5 – t2 as a function of n, with n = 1, · · · , 10,
αg = 1, a = 2.00408, nf = 6, and m
2 = 101000000 .
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FIG. 6 – t2 as a function of n, with n = 1, · · · , 106,
αg = 1, a = 2.00408, nf = 6, and m
2 = 101000000 .
V. CONCLUSION
In this paper, we give a new expression to calculate
the the excited spectrum of bound states in Quantum
Field Theory. There is no correctly bound states pole in
one-loop Feynman diagrams of the two-point function in
traditional method. We use the reasonable definition of
integral of f [z] along contour C[a, b] (1) and analytical
continuation. We find the bound states pole appear. We
discuss the positronium (e+e−) in QED and meson in
QCD separately. Our results agree with the known ones.
The physical picture of bound state can be described by
dual field coming from electric - magnetic transformation.
For the results is consistent with the experimental data,
we need to calculate the higher order loops. There are
much related work need to do in the future.
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